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An important challenge in launch vehicle simulation and control is created by the time-varying mass and inertia of
the vehicle, as well as the consequent changes in modal frequencies and modal shapes of the structure as propellant is
exhausted. Estimating modal information from a limited number of onboard sensors is inadequate for attitude control
of a launch vehicle in real time, and the use of additional conventional sensors is unwarranted because of the mass
penalty and complexity. This limitation has forced mission planners to base vehicle control schemes on pre-calculated
modal information from finite element models. Recent advances in fiber Bragg grating (FBG) sensor technology
enable locating a large number of sensing elements along a rocket's structure with a negligible mass penalty. This
opens the path for real-time modal estimation and control. This paper presents a novel approach for the real-time
estimation of mode shapes on a variable mass structure using FBG sensor arrays. The method is validated by
comparing estimated modal shapes to both numerical predictions and experimental results from a vertical cantilever
beam in which a step change in mass of the beam is introduced. The results show that the first three mode shapes of the
beam can be estimated in real time using strain measurements from a FBG sensor array sampled at 1 kHz. Sensitivity

and estimation error based on the number of FBG sensors used is also presented.

Nomenclature

C = fiber Bragg grating gage constant 1, 6.156 ym/m/°C
at22°C

C, = fiber Bragg grating gage constant 2, 0.70 yum/m/°C at
22 °C

CTE; = Coefficient of thermal expansion of test specimen 1,
23.6 yum/m/°C at 22 °C

d = Displacement, m

Fg = fiber Bragg grating gage factor, 0.796 at 22 °C

Nc = condition number

R = cross-correlation function

S = strain conversion matrix, ym/m

[T4) = displacement-strain transformation matrix, m?/um

n, = effective refractive index of the fiber core

AT = temperature change, °C

AL = fiber Bragg grating wavelength shift, nm

e = strain, um/m

€10 = thermally induced apparent strain, um/m

n = generalized coordinate

Ao = fiber Bragg grating nominal wavelength, nm

Ap = Bragg wavelength of the fiber Bragg grating sensor
array, nm

A = grating period, m~!

[} = displacement mode shape, m

b4 = strain mode shape, um/m

I. Introduction

ISSILES and launch vehicles are typically slender in shape to
reduce aerodynamic drag [1]. To stabilize the trajectory of a
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rocket while considering its flexible dynamics, the estimation of
modal frequencies and modal shapes is a critical aspect of mission
planning and controller design. Because the system’s mass changes
in time because of propellant expenditure, modal characteristics also
change with time. In [2], Tobbe et al. describe a typical estimation
method for the variation of modal properties during flight based on
interpolation from precalculated look-up tables of both modal
frequencies and modal shapes. Based on this kind of off-line inter-
polation approach, several adaptive methods have been applied to
rocket flight control, as described in [3—7]. Notch filter solutions exist
that isolate the source of vibrations from the controller. A downside
of the notch filter technique is given by the addition of a phase lag to
the control system that yields a reduction of phase margin up to loss of
stability [8]. Although in heavy lift vehicles the estimation of flexible
dynamics has not been a critical factor, this is bound to change as
more slender and lighter vehicles are considered.

Current literature describes the use of strain gages and piezoelec-
tric sensors [9,10] as the standard approach for deflection monitoring
and modal shape identification of launch vehicles. Although the use
of additional onboard instrumentation would provide more accurate
estimation of modal properties, which is better suited for real-time
control, increasing the quality of the estimation requires an increasingly
large number of sensors, and the weight and complexity quickly
become prohibitive. Furthermore, the extensive wiring required is not
only heavy but also susceptible to electromagnetic interference.

Fiber Bragg grating (FBG) sensors [11-14] open the possibility of
measurement of strain and estimation of shapes and modal properties
of aerospace structures in real time. FBG sensors have multiple
advantages, being small, lightweight, immune to electromagnetic
interference, and installable in large numbers with relatively small
weight penalties. With state of the art interrogation equipment, the
sampling rate of FBG sensors can be as high as 2500 Hz (buffered)
and up to 1000 Hz nonmultiplexed unbuffered. This presents possi-
bilities to use strain data in multiple points on a structure to estimate
modal shapes in real time.

One of the important mathematical properties of quasi-static
modal properties is that the mean of the cross correlation of any pair
of different modal shapes is zero [15,16], which geometrically means
that the modal coordinates of any two different modal shapes are
orthogonal vectors. Based on this property, modal shapes can be
reconstructed in real time from a finite number of strain measure-
ments in the structure. Mathematically it can be shown that only n
FBG sensors are needed to estimate up to n modal shapes, although in
practice better estimation is achieved with a number of sensors larger
than the number of modes to be estimated.
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This paper is organized as follows. The basic theory and
algorithms for modal shape reconstruction using FBG sensors are
introduced in Sec. II. In Sec. III, the proposed modal shape
reconstruction method is applied to analyze the bending vibration of
an ideal cantilever beam, and the results are compared with modal
shapes obtained from numerical calculations for an ideal beam.
Section LV presents experimental validation of the proposed method
by providing real-time modal shape estimation when the system is
subject to a step change in mass. Conclusions are drawn in Sec. V.

II. Theory and Method

This section presents the basic theory and algorithms for real-time
modal shape reconstruction using FBG sensors of a mass varying
system in real time.

A. Measurement of Strain Using FBG Sensors

A FBG sensor consists of localized periodic changes of the
refractive index at the core of an optical fiber, generated by exposure
to an intense ultraviolet laser interference pattern at a specified
nominal wavelength. If broadband light is injected into an optical
fiber carrying a FBG sensor, a specific wavelength component is
reflected, which is the Bragg wavelength. The Bragg condition is
expressed in Eq. (1):

AB = 2neA (1)

where Ap is the Bragg wavelength of the FBG sensor, n, is the
effective refractive index of the fiber core, and A is the grating period.
The wavelength given by the Bragg condition is reflected by the
grating, whereas other wavelengths pass through with minimal
attenuation, as shown in Fig. 1.

By measuring the intensity change in the reflected wavelength at a
specific FBG sensor within a fiber, the change in a physical property
at the sensor location (such as either strain or temperature) can be
measured. The shift of the Bragg wavelength caused by strain and
temperature are shown in Eqgs. (2) and (3). Equation (2) calculates
strain from the wavelength shift A4, where et is the strain caused by
temperature changes:

A2\ 1x10°
= () e e ”
G
&0 = AT FG + CTE\ - C2 (3)

Cy, Fg,CTE, and C, in Eq. (3) are constants and are the same for all
FBG sensors within a fiber; they are used to compensate strain
measurements for temperature changes. To implement temperature
compensation, one FBG sensor is mounted at a point on the test
specimen that does not experience any strain. The wavelength shift
measured by this sensor can be entirely attributed to temperature
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Fig.1 Fiber Bragg Grating structure with refractive index profile and
spectral response.

~

change and is equal to —epqg. The other FBG strain measurements are
then compensated for temperature change by subtracting this result
from their corresponding measurement.

B. FBG Array Configuration

The displacement of individual points on a test specimen can be
expressed in terms of the summation of the contributions of a finite
number of vibration modes and can be related to measured strains
through a strain-displacement relationship. By placing multiple
strain sensors on a test article, multiple modes can be taken into
account to achieve suitable precision in the estimation of deflection.
To optimize the estimation, sensor locations are selected such that the
transformation matrix has the smallest possible condition number
[17]. Theoretically, n modes can be estimated by n sensors, but in
practice the number of sensors and the sensors’ location significantly
affect the accuracy of the estimation. Dyllong and Kreuder [18]
presented a method to find the optimized number and placement of
strain sensors for modal estimation and quantified the accuracy in the
estimation of the first three modes using five sensors based on spline
interpolation.

The displacement-strain transformation matrix [Ty can be
expressed in terms of the strain modal shape matrix [¥] and the
displacement modal shape matrix [®] as shown in Eq. (4):

[Tds]an = [q)]an([lP]/(/xM[lP]MxN)_l[lP]/]\-/xM C))

where M is the number of sensors, N is the number of mode shapes
considered, and  is the number of beam elements whose deflection is
being estimated. The condition number N, of the displacement-
strain transformation matrix [7T4] can be interpreted as the upper
bound of the displacement error relative to the change in strain
measurement [12,19]. The condition number defined in Eq. (§) can
be used as a quality metric of the displacement-strain transformation
matrix. Sensor location can be optimized by choosing the sensor
arrangement that minimizesN . A smaller N yields more accurate
shape estimation:

Ne = ITglll o T ®)

where the operator || e || denotes the Euclidean norm of the matrix.

C. Experimental Test Platform

Modeling a rocket as a flexible beam is a widely accepted
representation of the launch vehicle’s flexible dynamics [1-8]. A
vertical rectangular cantilever aluminum beam as shown in Fig. 2
was used in the validation experiments, where beam width is 25.4 mm
and beam thickness is 3.175 mm. The base of the vertical beam is
mounted to a linear motor stage that can excite the beam with a
computer-controlled signal. The linear motor is driven by an Aerotech
BA series linear servo amplifier, controlled using a real-time target
computer (xPC target, from SpeedGoat, GmbH). The position of

Solenoid

FBG sensors

Fig.2 FBG sensor array configuration and test platform.
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the moving base is controlled by a proportional-integral-derivative
(PID) feedback loop, and the position of the stage is measured using a
Novotechnik TLH 360 position transducer.

A FBG sensor array consisting of nine sensors was installed on the
beam. The sensors are attached with epoxy on one side of the beam.
Equally spaced sensor locations were selected because this
configuration gave the smallest condition number within the various
configurations considered. An extra sensor is installed on the stage to
compensate for the temperature and environment disturbances. To
estimate time-varying modal shapes, a step change in mass was
introduced by releasing a solenoid core attached to the free end of the
beam: separation could be enabled when a digital control pulse was
sent to the coil’s power supply. Detaching the solenoid changes the
mass of the beam assembly, changing its modal shapes. The beam’s
support is attached to a platform mounted on air bearings and driven
by two linear motors that can be used to create arbitrary base
excitation in the beam up to 60 Hz.

Two cases are examined. First, the strain mode shapes of the beam
without the solenoid are compared with finite element results of an
ideal cantilever beam. Second, the solenoid is used to introduce a step
change in mass at a specified time during the experiment. The change
in modal shapes and the convergence of the estimation are examined
in the second case.

D. Estimation of Mode Shapes

The displacement and strain of structures can be expressed using a
finite number of mode shapes, N. The strain and displacement at any
point in the beam x at any time ¢ can be represented by the summation
of their mode shapes weighed by the corresponding generalized
coordinates:

N

d(x,y,z,1) = Z D;(x,y, 2)n;(r) Q)
i=1
N

e(x,y, 2.0 = Y Wi(x,y, Dni(0) 7
i=1

where d and e are the corresponding displacement and strain
functions of the entire beam (x, y, z) at time . ®; and #; are the ith
deflection modal shape and ith strain modal shape, respectively, and
n; is the corresponding ith generalized coordinate, where N is the
highest order mode being considered.

Suppose there is a strain weight matrix § whose entries §;; can be
used to estimate the ith generalized coordinate based on M
measurements of strain as shown in Eq. (8):

M
(1) = Zsijé’j(f) (8)
=

where ¢;(¢) is the strain measured by the jth sensor in time, j going
from 1 to M, and §;; is the weight for the jth sensor on the ith mode.
For all N modes being considered based on M sensors, Eq. (§) can be
written in matrix form as

vty = Sovxmn Emxt) ©)

Using beam theory, strain-displacement relation can be obtained as
shown in [17]:

_ hdd(x,)  h
en) = =3 50 =3 om0 (10

The matrix form of Eq. (10) can be combined with Eq. (7) to yield

enxt = Cuxntinxt = Puxniinxi (11)

where C(j,i) = —’%d){/(xj) and ®;’(x;) is the second spatial
derivative of the ith mode shape at position x;. Combining Eq. (L1)
and Eq. (9):

vt = Snsar Crsviixi (12)

Because ij = 17, S should be equal to C~!. If C~! exists, then C must be
square and M = N, which means at least N sensors are needed to
estimate N modes. When the number of sensors is more than N, the
strain mode shape can be obtained as

Wiy = ([S]JTl:IxN[S]NxM)_I[S]{/IxN (13)

The strain weight matrix defined here is very similar to the modal
filter coefficients used in modal control [20]. If the exact loading
conditions applied on the structure are known, the matrix can be
obtained by solving the equation of motion

) 0;
ni + 20,9 4+ Qi = M 14)

1
where the generalized mass is M; = / & m®? dI and the generalized
forceis Q; = fé > F,®;dl. ¢, is the ith mode damping factor, Q; is
the ith mode frequency, ®; is the ith mode shape, m is the mass per
unit length, L is the rocket length, and F is the force per unit length.
Because the real-time loading conditions of a rocket during flight
are very difficult to predict, it is necessary to find an alternate way to
estimate the strain weight matrix. Sumali [21] suggested using the
correlation matrix to reduce the knowledge of necessary constraint
conditions and estimated the displacement mode shapes of a fixed-
fixed end ideal uniform beam by using the voltage readings of the
continuous distributed piezoelectric polyvinylidene fluoride film
Sensors.

E. Estimation of S via Cross-Correlation Function

The cross correlation of two different modes with zero lag is
defined as

k
Ri; = Elg(bn; ()] = o lim > (1) (1) (15)
=1

1

If n;(¢) and 57;(t) are generalized coordinates, they must be orthogonal
to each other:

girglo R;;(k) = 0; i#j (16)

Equation (16) also means the matrix R should be diagonal. This
property of the cross-correlation function of generalized coordinates
can be illustrated by simulation of a simple cantilever beam as shown
in Fig. 3. The cross correlation of the first and third modes obtained
by Eq. (15) converges to zero.

Replacing the estimated generalized coordinates [Eq. (9)] in the
condition given by Eq. (15) yields

R = E[j;(k)i;(k)] = E[See” ST] = SE[ee”]S” a7

In Eq. (17) R should be a diagonal matrix, and E[ee”] is
diagonalizable with an eigenvector matrix P, where P,, is the mth
eigenvector of E[ee”]. This means thatP~! E[eeT|P is diagonal, and
therefore P~! = PT. Without loss of generality, S = P can be used
to diagonalize R; thus the strain-weight matrix S can be obtained
by finding the eigenvectors of E[ee”]. With the strain-weight matrix
S, the strain mode shapes can be calculated according to Eq. (13).
Thus, the estimation of strain mode shapes is reduced to finding
the normalized eigenvectors of the mean cross-correlation matrix
of strain.

F. Spatial Integration of Strain Mode Shape

The relationship between strain mode shapes and displacement
mode shapes is shown in Eq. (10). Displacement mode shapes can be
obtained by taking two successive spatial integrations of the strain
mode shapes. When the mode shapes at several locations are needed,
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Fig. 3 The first and third generalized coordinates and their cross-
correlation function.

more sensors or spline interpolation can be used to reduce the
numerical errors introduced by the integration. The performance of
direct spatial integration based on 9-sensor array and 34-sensor array
can be depicted by Figs. 4 and 5, respectively. To reduce the nu-
merical error introduced by the integration, spline interpolation can
be used. In the beam shown in Fig. 2, the strain and displacement
mode shapes are calculated analytically. Nine and thirty-four points
of strain mode shapes are sampled for each mode for comparison
purposes. We used spline interpolation to expand the representation
of each mode to 341 points. Trapezoidal integration is applied on the
expanded mode shapes twice, and the displacement mode shapes are
obtained and truncated back to 9 and 34 points.

As shown in Fig. 4, the first two displacement mode shapes can
be found adequately. The estimation of the third mode is degraded
by the numerical errors. If 34 sensors can be used on the beam, the
results shown in Fig. 5 are significantly improved. The results show
the higher-mode estimations are more sensitive to the number of
sensors. Additionally, the convergence of the estimation accuracy
demonstrates the feasibility of the displacement mode shapes being
obtained by strain mode shapes mathematically. Because the strain
mode shapes, displacement mode shapes, and the strain data are
known, the deflection can be estimated at any point in the test article
based on strain to displacement transform matrix given in Eq. (4).
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*  Double integrated
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Fig. 4 Displacement mode shapes obtained by interpolation and

integration based nine-sensor array.
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Fig. 5 Displacement mode shapes obtained by interpolation and
integration based 34-sensor array.

G. Algorithm

To estimate the time-varying mode shapes in real time, the
estimation of the strain weight matrix should be done in real time.
We adopt the method based on a sliding window to calculate the real-
time updated cross-correlation matrix. According to the theory and
equations given in Sec. ILD, the mode shape estimations will be
updated in real time by calculating the eigenvectors of the cross-
correlation matrix in each cycle. The algorithm can be summarized
by Table 1. The minimum size of the sliding window depends on the
convergence of the cross-correlation function. As shown in Fig. 3, the
cross-correlation function converges in a limited number of time
samples, which implies that “real-time” estimation is possible.

Based on the algorithm given in Table 1, the mode shape
estimation can be updated at every time sample. Thus, the real-time
modal information is extracted from the strain history using a rolling
window, capturing the mode shape changes in time. In the next two
sections, simulation and experiments are used to demonstrate the
validity and numerical efficiency of the proposed method.

III. Simulation Results

To assess the feasibility of the proposed method for mode shape
reconstruction, strain values in the test specimen were estimated from
analytical solutions of strain mode shapes for a simple cantilever
beam. The corresponding beam vibration was simulated by Matlab/
Simulink using a finite number of discrete beam elements. The first
six strain mode shapes were estimated based on 500 samples of
sensor outputs without using any information on structure and
excitation. Uniformly distributed sensor configurations of 9, 30,
and 50 sensors are considered in the simulation. The first three strain
and displacement mode shapes were estimated and compared with
the theoretical values; the comparisons are shown in Figs. 6 and 7,
respectively. The vertical axis values are obtained by normalizing
strain/displacement by the number of points in the strain/displace-
ment vector.

As shown in both Figs. 6 and 7, the estimation error increases in
higher-order modes. For the first mode estimation, a nine-sensor
array gives a good estimation on mode shape. For the second mode
and third mode estimations, the estimation error of the nine-sensor
array increased. The numerical error affects not only the magnitude of
each component but also the peak locations of the shape curvature,
especially for estimation of higher order modes. This is because nine
sensors are not enough to accurately capture the peak locations of a
complex spatial curve such as the third mode. When the number of
sensor is higher than 30, mode shape estimations are very close to the
theoretical values. The results shown in Figs. 6 and 7 suggest that the
estimation converges to the theoretical value with increasing sensor
count. The estimation error can be defined as:
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Table1 Algorithm summary

Step 1: Define the size of the sliding window K.

Step 2: Calculate the cross-correlation function R at time ¢ based on the strain measured fromt — K + 1 to .

If (t <= K)
R(t) = strain(¢)*strain(¢)’ + (+ — 1)*R(t — 1) /1;
else

R(t) = strain(r)*strain(¢)’ + (K — 1)*(R(t — 1) = R(t — K)) /K;
Step 3: Calculate the eigenvectors of matrix R to find the strain mode shapes:

[u, [] = eig(R);
Step 4: Calculate the displacement mode shapes.

Using spatial spline interpolation and numerical integration, the displacement mode shapes can be found.

(18)

where error; is the error on the estimation of the ith mode, error;; is
the error at each node (ith mode, jth node), and M is the total number
of the sensors (which in this case equals the number of nodes). The
total strain and displacement estimation errors for each mode are
shown in Table 2.

FBG sensor arrays allow accurate strain to displacement
conversion provided that a good estimate of the displacement mode
shapes (e.g., from a FEM analysis) is available. An excitation force
was applied on the beam for 1.5 s, and the beam continues free
vibration. Using the strain-displacement transform matrix, the dis-
placements calculated from the FBG strain measurements are in
excellent agreement with the displacement outputs of the analytical
beam model, as shown in Fig. 8.

A set of simulations were examined with different mode shape
settings and initial conditions. The results show that the proposed
mode shape estimation method has consistent performance and can
be used to estimate the mode shapes of a structure with time varying
properties.

IV. Experimental Validation
In this section, the proposed method for on-line mode shape
estimation is validated by experiments on a vertical cantilever beam
by providing real-time modal shape estimation when the system is
subject to a step change in mass.

A. Experimental Results: Beam with Constant Mass

For a uniform beam, the analytical expression for displacement
mode shapes is:

0.2 T T T -
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- —9 Sensors
2 04f 30 Sensors
— 50 Sensors
0 L L L ——
(1] 0.2 0.4 0.6 0.8 1
0.2 T T T T
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(1] 0.2 0.4 0.6 0.8 1
0.2 T T T T
-0.2 L L L L
0 0.2 0.4 0.6 0.8 1

Nondimentional distance to the fixed end x/L
Fig. 6 First three strain modal shape estimated results with different
numbers of sensors.

@, (x) = sin f;x —sinh f;x
sin §;L + sinh §;L

" cos B.L + cosh BL L+ cosh fL (cos p;x — cosh f;x) 19)

The strain mode shapes for each mode are

&, (x)
lI",‘()C) = d—xlz
= —f7 sin f;x — 7 sinh f;x
sin ;L +sinh BiL =, i
- 2 P
cos f;L + cosh ﬂ,-L( p; cos pix — pi cosh fix)
(20)
where cos fi;L cosh §,L = —1. From properties of trigonometric

and hyperbolic functions, a relationship between strain and
displacement mode shapes can be shown to be:

®;(L — x) = (=1)""'Const,;'¥;(x) 21)

That is, in the ideal uniform beam example, the displacement mode
shapes can be calculated from the displacement mode shapes without
using double integration of strain using Eq. (20). If the beam is not
ideal, numerical integration must be used to calculate the displace-
ment mode shapes from strain measurements.

Using the test platform described in Sec. II, the strain and
displacement mode shapes obtained based on Eqgs. (18) and (19) are
compared with those estimated using nine sampling points on a
numerically simulated beam in Matlab/Simulink and with those
estimated from measurements of a FBG sensor array (consisting of
nine sensors). As shown in Figs. 9 and 10, the presented method can
give adequate estimation of strain and displacement mode shapes.

0.2 T T T
— Theoretical
- — 9 Sensors
2 0.1 30 Sensors 7
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0 e 1 1 1
0 0.2 0.4 0.6 0.8 1
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2 o .
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Fig. 7 First three displacement mode shapes estimated with different
numbers of sensors.
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Table 2  Strain mode shapes estimation error (sum of squared errors) based on different sensor counts

First mode Second mode Third mode Fourth mode Fifth mode Sixth mode
9 Sensors 0.0032 0.0267 0.0442 0.0606 0.0809 0.1136
30 Sensors 0.0002 0.0016 0.0019 0.0021 0.0024 0.00438
50 Sensors 0.00006 0.00035 0.0005 0.0011 0.0023 0.0038

The first mode shapes estimated based on both numerical simulation
and real FBG measurements are almost identical to the theoretical
values [sum of squared error (SS error) equal to 0.0148]. For the
second and third mode, the error is increased because of the limitation
in the number of sensors. The numerical and Fiber Optics Sensor
(FOS) mode shape traces shown in Fig. 10 are calculated based on
Eq. (20).

B. Experimental Results: Modal Estimation During a Step Change in
Mass

A 100-g solenoid was temporarily attached to the free end of the
beam via a small iron plunger (10 g) glued to the test article. When
excitation to the solenoid coil is interrupted, the solenoid detaches
from the plunger, introducing a step change in mass of the beam. An
800-point rolling buffer of strain measurements was used to estimate

0.2 (o] Simulation displacement

Estimation displacement

Displacement

0 1 2 3 4
Time (s)
Fig.8 Estimated and actual displacement of the free end of a cantilever
beam.

0.4 T T
Analytical solution 0.8 T T T T
- —©— Numerical based 9 pts —— Before solenoid drop
2 02 —*— Estimation based FOS data 0.6 —©— After solenoid drop |
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Fig. 9 Estimated strain mode shapes of the first three modes of the test
article.

the first two strain mode shapes, after which the calculated strain
mode shapes are updated every millisecond (the strain transducer
can be interrogated up to 1000 Hz). The first and second strain
mode shapes were estimated from time domain data from an array of
nine FBG sensors. The corresponding mode shapes of the beam
with sensors installed, before and after the step change in mass
occurs, are shown in Fig. 11. The mode shapes obtained in Fig. 11 are
normalized to a unit vector for convenience of comparison. The
changes in strain mode shapes are captured.

To demonstrate the accuracy of the proposed method for on-line
mode shape estimation, the time-varying mode shapes estimated
using the FBG array were compared with theoretical values obtained
in ANSYS. For the comparison and without losing generality, the
mode shapes obtained were normalized. Because the first sensor

0.4 - - T T
Analytical solution
- —©— Numerical based 9 pts
& 0.2 —— Estimation based FOS data 7
0 1 1 1
0 0.2 0.4 0.6 0.8 1
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g o A
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Nondimensional distance to the beam fixed end x/L
Fig. 10 Estimated displacement mode shapes of the first three modes of
the test article.

Nondimensional distance to the beam fix end x/L
Fig.11 Change in first two mode shapes before and after solenoid mass
drop.
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Fig. 12 Change in the first two strain mode shape components at the
first sensor location.

(near the fixed end of the beam) has the largest strain, the strain mode
shape component at this point was used for scaling. The change in
time of the first two mode shapes at the first sensor is shown in
Fig. 12.

As shown in Fig. 12, the first mode shape estimation took about
0.8 s to approach the theoretical mode shape after the solenoid
dropped. The 0.8-s lag corresponds to the 800-point rolling buffer ata
1 kHz sampling rate. The estimation of the change in the second mode
is much faster than that of the first mode because of its higher
frequency. The small fluctuation in second mode estimation suggests
that more sensors are needed to achieve more accurate estimations of
higher modes. The proposed method can detect the real-time mode
shapes changes without having to make any assumptions on the exact
constraint conditions.

V. Conclusions

A method to estimate mode shapes of a structure that vibrates in
one plane, based on an array of strain measurements in real time has
been presented. The method uses the cross-correlation properties of
different modes to define the transformation matrix that allows
estimation of the generalized coordinate functions for a given time
history of the vector of strain in M locations. With the FBG sensor
array consisting of nine sensors, the mode shape estimation errors of
the first three modes are 0.3, 2.7, and 4.4%, respectively. The
estimation results converge to the theoretical values with an
increasing in the number of strain sensors. Comparisons with both
analytical results and experiments validate the proposed method.
With a 1000-Hz sampling rate, the results show that both strain and
displacement mode shapes can be obtained from strain data within
0.5-0.8 s without other information about the specimen such as
geometry or material properties or previous knowledge of natural
frequencies. The proposed approach is well suited to estimate
changes in modal shapes in real time caused by dynamic changes in
mass, as needed for real-time control of flexible launch vehicles.
Fiber Bragg sensors also enable real-time monitoring of deflections
in a structure via the displacement-strain transformation of a strain
vector measured by an FBG array.

Natural frequencies and mode shapes are generally not defined in
structures with continuous time-varying mass properties such as a
rocket. However, if the sampling rate of an array of strain sensors is
fast compared with the rate of change of mass (a modern FBG
interrogator can be sampled at rates in excess of 2000 Hz), modal
properties can be defined in a semistatic sense: the mass change is
semistationary relative to the speed at which the mode shapes can be
estimated. The mass change of a rocket can be regarded as the result
of many small step changes in mass. If the changes in mode shapes

can be estimated with a small number of time samples, the present
method can be used to assess mode shape changes in real time.

In the example shown, the effect of an abrupt mass change (such as
a separation event) in the modal properties of the structure can be
successfully detected. This is of particular interest for launch vehicle
concepts where vibration damping after separation is critical.
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